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We study the set of almost quantum correlations and their refinements in the simplest tripartite
Bell scenario where each party is allowed to perform two dichotomic measurements. In contrast to
its bipartite counterpart, we find that there already exist facet Bell inequalities that witness almost
quantum correlations beyond quantum theory in this simplest tripartite Bell scenario. Furthermore,
we study the relation between the almost quantum set and the hierarchy of supersets to the quantum
set due to Navascue´s-Pironio-Ac´ın (NPA) [Phys. Rev. Lett. 98, 010401 (2007)]. While the former
lies between the first and the third level of the NPA hierarchy, we find that its second level does not
contain and is not contained within the almost quantum set. Finally, we investigate the hierarchy
of refinements to the almost quantum set due to Moroder et al. [Phys. Rev. Lett. 111, 030501
(2013)], which converges to the set of quantum correlations producible by quantum states having
positive partial transposition. This allows us to consider (approximations of) the “biseparable”
subsets of the almost-quantum set as well as of the quantum set of correlations, and thereby gain
further insights into the subtle similarities and differences between the two sets. In addition, they
allow us to identify candidate Bell-like inequalities that can serve as device-independent witnesses
for genuine tripartite entanglement.
One of the most striking discoveries of the last cen-
tury is that Nature is incompatible with classical physics.
Powerful correlations which cannot be explained in the
classical world do arise in Nature, and are accurately pre-
dicted by quantum mechanics [1–6]. This phenomenon,
known as Bell-nonlocality [7] (or more often simply ab-
breviated as nonlocality), was put on firm theoretical
grounds by Bell [8] in 1964, almost three decades af-
ter Einstein, Podolsky and Rosen [9] first noticed the
phenomenon of quantum entanglement [10]. The dis-
covery of these nonclassical correlations not only im-
posed a change in the way we may understand Nature,
but also leads to the discovery of powerful resources
for information tasks. For instance, quantum correla-
tions with no classical analog have been proven essen-
tial for device-independent quantum key distributions
[11, 12] and device-independent random number genera-
tions [13, 14].
Quantum mechanics, however, does not exploit the
phenomenon of nonlocality to its maximum, i.e, even
stronger correlations conforming to the assumption of rel-
ativistic causality [15, 16] (or more often referred to as the
no signalling condition [17]) are in principle allowed. The
natural question then is whether there is a way to under-
stand from basic principles why such correlations beyond
quantum mechanics should not arise in Nature. In the
past decades several physical and information-theoretical
principles have been proposed [18–25]. While they allow
for a better understanding of quantum correlations, most
of them are provably satisfied by a superset of it, dubbed
almost quantum [26], which includes postquantum ones.
The only exception1 to this is the principle of Information
1 There is also the Exclusivity principle [24], which imposes con-
Causality (IC) [20], where there is so far only numerical
evidence hinting that the almost quantum correlations
also satisfy it [26].
In this work, we shall indeed focus our attention on
this intriguing set of postquantum correlations [26–28].
Almost quantum correlations have been widely studied
in the bipartite Bell scenarios. For the case where each
experimenter chooses between two dichotomic measure-
ments, almost quantum correlations violate the renowned
Clauser-Horne-Shimony-Holt [29] (CHSH) Bell [8] in-
equality to the same extent as the quantum ones, so in
order to tell these two sets apart in this simplest setting,
non-facet [7] Bell inequalities such as those discussed
in [30] are required2. When considering three measure-
ments instead, both the facet Bell inequality I3322 and
I3333 from Ref. [32] display a gap between quantum and
almost quantum violations (see, respectively, [27] and
[33]); however, no physical principle (to bound correla-
tions) has been distilled from these inequalities so far.
Here, one of the next simplest Bell scenarios is consid-
ered, namely, that consisting of three parties performing
two dichotomic measurements each. The set of classical
correlations in this scenario is fully characterised by 46
classes of facet Bell inequalities [34]. Among these are the
straints on physical theories that predict correlations. Therefore,
how to apply it to the almost quantum ones is still a topic of dis-
cussion.
2 Given an almost quantum correlation with no quantum realisa-
tion, there are other theoretical ways to signal its postquantum-
ness. For example, one could test membership to the NPA sets
Qk (see Appendix A1) and find a k that does not contain it (see
also page 95 of Ref. [31]). However, evaluating a Bell inequality
is the traditional way that experiments are carried out, and so
we focus on that method in this work.
2Mermin [35] and the tripartite guess your neighbour’s in-
put (GYNI) [36] inequalities, which display curious prop-
erties. On the one hand, the maximum value of Mer-
min’s inequality for no-signalling (NS) correlations coin-
cides with that for quantum (and hence almost quantum)
correlations, while classical ones achieve a lower value.
On the other hand, for the GYNI inequalities, the clas-
sical maximum coincides with that for the almost quan-
tum (and hence the quantum) correlations [23], thereby
giving them the interpretation as games with no quan-
tum advantage, while the NS ones achieve a larger value.
Therefore, the range of possibilities that this tripartite
scenario displays is much richer than its bipartite coun-
terpart.
In this work, first we ask in Sec. II the question of
whether we can tell apart the sets of quantum and almost
quantum correlations by only looking at their violation
of facet Bell inequalities. We will see that this rich yet
simple tripartite Bell scenario allows us to do so. Then,
in Sec. III, we move on to study the relations between
the set of almost quantum correlations and those sets of
postquantum correlations defined by Navascue´s, Pironio
and Ac´ın (NPA)3 [27]. In particular, we show that in
the tripartite, and therefore in a general n-partite sce-
nario (where n ≥ 3), neither the (n − 1)-th level of the
NPA hierarchy is contained within the almost quantum
set, nor otherwise. Lastly, we discuss in Sec. IV another
hierarchy of supersets to the quantum set due to Mo-
roder et al. [28]. Since the lowest level of this hierarchy
corresponds precisely to the almost quantum set [26, 37],
higher levels in this hierarchy can be seen as refinements
to the almost quantum set. By focusing ourselves on fur-
ther refinements that can be conceived as (approxima-
tions) to the “biseparable” subsets of the almost quan-
tum set, we gain further insight into some subtle features
of the almost quantum set. We conclude in Sec. V with
some possibilities for future work.
I. THE SIMPLEST TRIPARTITE BELL
SCENARIO
A tripartite Bell scenario (see Fig. 1) consists of three
parties (Alice, Bob and Charlie) each of which can act lo-
cally on their share of a system. The parties are assumed
to be in spatially separated locations, and no information
can travel from one party to another during the experi-
ment. Otherwise, no assumptions are made on the sys-
tems the parties possess or the specific way the measure-
ments are implemented. That is, the only information
3 For bipartite scenarios, the set of almost quantum correlations
was already introduced in the original NPA papers [27] as an
‘intermediate set’ between the first and second levels of the hier-
archy. And indeed, one can always understand almost quantum
correlations as an ‘intermediate NPA set’. In this work, however,
when studying the NPA hierarchy we will focus on canonical gen-
erating sets (see Appendix A1).
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FIG. 1. A tripartite Bell scenario. Three parties (Alice, Bob
and Charlie) can operate locally each on their share of a sys-
tem, depicted as a black box. They choose measurements
labelled by x, y and z and register the obtained outcomes a,
b and c, respectively. The correlations between measurement
outcomes observed are captured by the vector of conditional
probability distributions ~p = {p(abc|xyz)}.
the parties have access to is the classical labels of their
measurement choices x, y and z and outcomes a, b and
c, respectively for Alice, Bob and Charlie. The correla-
tions between measurement outcomes are then succinctly
summarized as a collection of conditional probabilities
~p = {p(abc|xyz)}. Hereafter, we focus on the simplest
case where the parties can perform two dichotomic mea-
surements, i.e., x, y, z ∈ {0, 1} and a, b, c ∈ {0, 1}.
Classical (i.e., Bell-local [7]) conditional probability
distributions are those where the correlations among
the parties can only be caused by a common classi-
cal agent λ, referred to as ‘shared randomness’ or ‘lo-
cal hidden variables’. These correlations can be written
as p(abc|xyz) = ∫ dλ q(λ)pA(a|x, λ) pB(b|y, λ) pC(c|z, λ),
where q(λ) is a normalised distribution over the shared
randomness and pA(a|x, λ) is a well-defined conditional
probability distribution for Alice for each λ (similarly for
Bob and Charlie). Hereafter, we denote the set of Bell-
local correlations by L.
The set of quantum correlations Q are those that arise
by the parties performing measurements on a shared
quantum state (possibly entangled). A given correla-
tion ~p belongs to the quantum set if there exists a nor-
malised quantum state ρ and two projective measure-
ments per party, {Π0|x,Π1|x = 1 − Π0|x}x=0,1 (similarly
for Bob and Charlie) such that the correlations arise via
Born’s rule: p(abc|xyz) = tr{Πa|xΠb|y Πc|z ρ}. One im-
portant property that these projectors should satisfy is
that those corresponding to different parties commute,
i.e., [Πa|x,Πb|y] = 0 ∀ a, b, x, y (similarly for the other
two combinations of parties). Note that there are no re-
strictions on the dimension of the Hilbert space.
The set of almost quantum correlations [26], denoted
by Q˜, can be understood as a relaxation of the quantum
set in the following sense. A given p(abc|xyz) belongs
3to the almost quantum set if there exists a normalised
quantum state ρ and two projective measurements per
party, {Π0|x,Π1|x = 1 − Π0|x}x=0,1 (similarly for Bob
and Charlie) such that the correlations arise via Born’s
rule: p(abc|xyz) = tr {Πa|xΠb|y Πc|z ρ}. However, here
we do not demand that the projectors corresponding to
different parties commute, instead we impose the follow-
ing: Πa|xΠb|y Πc|z ρ (Πa|xΠb|y Πc|z)
† = Π ρΠ†, where Π
is any permutation of Πa|xΠb|y Πc|z (a nontrivial permu-
tation, for instance, is given by Π = Πa|xΠc|zΠb|y , which
swaps the projectors Πb|y and Πc|z). As this last require-
ment on the operators does not ensure that projectors
associated with different parties, such as Πa|x and Πb|y,
commute, it thus follows that the set of quantum corre-
lations is a subset to the almost quantum set.
Finally, the set of no-signalling correlations NS are
defined as those ~p such that all their marginals are well-
defined, i.e., they do not depend on the measurement
choices of the parties that are traced out, and there-
fore do not allow for faster-than-light communication.
More precisely,
∑
c p(abc|xyz) should be independent of
z,
∑
bc p(abc|xyz) should be independent of y, z, and
analogous conditions should hold for other marginal dis-
tributions.
II. THE ALMOST QUANTUM SET AND THE
TRIPARTITE LOCAL POLYTOPE
In this simplest Bell scenario that we are considering,
the set of local correlations is fully characterised by 53 856
tight (i.e., facet) Bell inequalities [38]. In other words, a
correlation ~p is local if and only if it satisfies all these
distinct Bell inequalities. These inequalities can be clas-
sified into 46 inequivalent4 classes [34]. Hereafter, we
will focus on the representative of each of these classes
as provided by Sl´ıwa in Ref. [34]. Specifically, we are in-
terested in the maximum violation that almost quantum
correlations yield for these representative inequalities and
whether any of these cannot be achieved by ~p ∈ Q.
Computing the maximum violation of a Bell inequal-
ity for correlations restricted to the set of almost quan-
tum correlations turns out to be a semidefinite program
(SDP) (see Appendix A2), which is a kind of convex
optimization problem that can be efficiently solved on
a computer.5 Likewise, computing an upper bound on
the maximal quantum violation can also be achieved by
solving, for instance, the hierarchy of SDPs introduced
by NPA [27] (see Appendix A1) or Moroder et al. [28]
(see Appendix A2). To ensure that the upper bound ob-
tained is tight (i.e., indeed corresponds to the maximal
violation allowed by quantum theory), we also perform it-
erative optimisation by considering local projective mea-
surements on three-qubit states, which is known [43] to
be sufficient in this Bell scenario. For all of the 45 non-
trivial (representative) facet Bell inequalities of this sce-
nario, the best lower bounds that we have obtained us-
ing standard iterative optimisation techniques (see, e.g.,
Ref. [44]), match with the corresponding upper bound
obtained by solving the aforementioned SDP (up to the
numerical precision of the solver6).
Our results are presented in Table I, following the la-
belling of Ref. [34]. Out of the 45 nontrivial inequali-
ties, 43 display the same phenomenon as in the bipar-
tite CHSH scenario (up to the numerical precision of the
solver): the maximum violation attainable by the almost
quantum correlations (column four, Table I) can also be
achieved by the quantum ones (column three, Table I).
However, two inequalities (no 23 and 41) display a gap,
that is, they demonstrate that quantum correlations can-
not be as nonlocal as the almost-quantum ones. This is
the first time that such a behaviour is observed for sce-
narios with two dichotomic measurements per party us-
ing facet Bell inequalities. The particular form of these
two inequalities is:
Ineq. 23:
E(x = 0) + E(x = 1) + E(y = 0)− E(x = 0, y = 0)− E(x = 1, y = 0) + E(y = 1)− E(x = 0, y = 1) (1)
− E(x = 1, y = 1) + E(x = 0, z = 0)− E(x = 1, z = 0)− E(000) + E(100)− E(010) + E(110)
+ E(y = 0, z = 1)− E(001)− E(101)− E(y = 1, z = 1) + E(011) + E(111) L≤ 4 ,
Ineq. 41:
E(x = 0) + E(y = 0) + E(x = 0, y = 0) + E(z = 0) + E(x = 1, z = 0)− 3E(000)− E(100) + E(y = 1, z = 0) (2)
− E(010)− 2E(110) + E(x = 0, z = 1)− E(x = 1, z = 1) + E(y = 0, z = 1)− 4E(001) + E(101)
− E(y = 1, z = 1) + E(011) + 2E(111) L≤ 7 ,
4 Following Ref. [32], we say that two Bell inequalities are inequiv-
alent if they cannot be obtained from one another via the rela-
belling of measurement settings, outcomes and parties.
5 This can be achieved with the help of a modeling software such
as CVX [39] or YALMIP [40], in conjunction with an SDP solver,
such as sedumi [41] or SDPT3 [42].
6 This is of the order of 10−8.
4where L signifies that the inequality holds for all cor-
relations ~p ∈ L, while E are single, two and three-
body correlators defined as follows: E(x) = pA(0|x) −
pA(1|x) (similarly for Bob and Charlie), E(xy) =∑
ab(−1)a+bpAB(ab|xy) (similarly for the other pairs
of parties) and E(xyz) =
∑
abc(−1)a+b+cp(abc|xyz).
Here pAB(ab|xy) =
∑
c p(abc|xyz) and pA(a|x) =∑
b,c p(abc|xyz), which are well-defined marginals for no-
signalling correlations.
III. ALMOST QUANTUM AND THE NPA
HIERARCHY
Characterisation of the set of quantum correlations Q
is a notoriously difficult problem. A first systematic ap-
proach to this problem was introduced by NPA [27] where
they provided an algorithmic characterisation of Q via a
hierarchy Q1 ⊇ Q2 ⊇ . . . ⊃ Qk of (postquantum) subsets
to NS which converges to Q in the asymptotic limit of
k →∞ (see also Ref. [45]). Algorithmically, each set Qk
(for positive integer k) is characterised by the set of fea-
sible solutions to an SDP (see Appendix A1 for details),
which demands that a Hermitian matrix Γk—whose en-
tries being all the moments (expectation values) up to
order 2k—can have only non-negative eigenvalues. Im-
portantly, some of these moments correspond precisely to
those joint conditional probabilities p(abc|xyz) between
measurement outcomes that can be estimated directly
from a Bell-type experiment. For instance, in an n-
partite Bell scenario, each joint conditional probability
given in ~p is a moment of order n. If ~p ∈ Q, then as
mentioned in Sec. II, ~p [as well as other (higher-order)
moments] can be accountable for through Born’s rule,
thereby resulting in a moment matrix that has only non-
negative eigenvalues [27] (see also Appendix A1).
In general, however, the non-negativity of a moment
matrix Γk is not sufficient to guarantee that ~p has a quan-
tum origin. In other words, for any given k, all given ~p
where the corresponding Γk (which contains ~p as entries)
can be made non-negative form a superset of Q, which
is precisely the NPA set Qk. In particular, since the mo-
ment matrix Γk+1 associated with the characterisation
of Qk+1 contains the moment matrix Γk associated with
the characterisation of Qk as a submatrix, it thus follows
that Qk+1 ⊆ Qk for all positive integer k.
Instead of the definition given in Sec. II via permu-
tations, the almost quantum set Q˜ can equivalently be
defined [26] as the set of ~p that can be characterised us-
ing an analogous SDP involving a moment matrix of ap-
propriate size. In fact, it turns out [37] that this SDP
characterization of Q˜ is precisely the lowest level su-
perset characterisation of Q introduced by Moroder et
al. [28]. In the bipartite case, it is thus known [26, 27]
that7 Q1 ⊃ Q˜ = Q1+AB ⊃ Q2, and more generally in
the n-partite case, we must have Q˜ ⊇ Qn. What about
the relationship between Qn−1 and Q˜? Does the strict
inclusion that holds in the bipartite (n = 2) case also
generalise to the situation when n > 2?
To answer this question, let us now focus our attention
on the fourth and fifth columns of Table I, which shows
the maximum violation of the 46 facet Bell inequalities
presented in Ref. [34], respectively, for ~p ∈ Q˜ and ~p ∈
Q2. We see that for some of these non-trivial tripartite
Bell inequalities, there exists correlations ~p in Q2 that
are more nonlocal (in the sense of giving a stronger Bell
violation) than those restricted to the almost quantum
set. From here, we can thus conclude that Q2 6⊆ Q˜ in this
tripartite Bell scenario. Could it then be that Q˜ ⊂ Q2?
Inspired by the construction given in Ref. [26], we found
that the following tripartite Bell inequality answers this
in the negative:
∑
i∈A,B,C
[
30
31
pi(0|0)− 1679 pi(0|1)
]− ∑
ij∈{AB,AC,BC}
74
11
pij(00|00)+ 17411 [pAB(00|01) + pAB(00|10)] + 24423 pAB(00|11)
L≤ 30
31
.
Specifically, the set of tripartite almost quantum corre-
lations Q˜ achieve a maximal violation of 1.0232 for this
Bell inequality, whereas correlations in Q2 only yields a
maximum violation of 0.9724. This implies that there
exist tripartite almost quantum correlations that do not
7 The set Q1+AB is an intermediate level in the NPA hierarchy,
whose moment matrix Γ1+AB has rows and columns labelled by
words which involve single party operators as well as all the two
party ones (see Appendix A 2).
belong to Q2.
Our results then show that in this tripartite scenario,
neither the almost-quantum set contains the second level
of the NPA set nor the other way around, i.e., we have
both Q˜ 6⊆ Q2 and Q˜ 6⊇ Q2. In other words, for general
n ≥ 3, the inclusion relation Qn−1 ⊇ Q˜ need not hold
true.
5Inequality L Q Q˜ Q2 NS Q˜TA1 Q˜TB1 Q˜TC1 Q˜Tall1 Q˜TA6 Q˜TB6 Q˜TC6 Q˜Tall6
1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 2 4 4 4 4 2.8284 2.8284 2.8284 2.0000 2.8284 2.8284 2.8284 2.0000
3 2 2.8284 2.8284 2.8284 4 2.0000 2.8284 2.8284 2.0000 2.0000 2.8284 2.8284 2.0000
4 2 2(2
√
2− 1) 3.6569 3.6569 6 3.6569 2 2 2 3.6569 2 2 2
5 3 4.8885 4.8885 4.8885 7 4.6569 4.6569 4.6569 3.2097 4.6569 4.6569 4.6569 3.0187
6 3 4.6569 4.6569 4.6617 7 4.6569 4.6569 3.0000 3.0000 4.6569 4.6569 3.0000 3.0000
7 4 20/3 6.6667 6.6667 10 5.6569 5.6569 5.6569 4.0000 5.6569 5.6569 5.6569 4.0000
8 4 6.6667 6.6667 6.6667 8 5.6569 5.6569 5.6569 4.0000 5.6569 5.6569 5.6569 4.0000
9 4 5.6569 5.6569 5.6569 8 5.6569 4.0000 5.6569 4.0000 5.6569 4.0000 5.6569 4.0000
10 4 4 4 5.3211 20/3 4 4 4 4 4 4 4 4
11 4 5.6569 5.6569 5.6569 8 4.0000 4.0000 5.6569 4.0000 4.0000 4.0000 5.6569 4.0000
12 4 5.6569 5.6569 5.6569 8 4.3695 4.3695 5.6569 4.2830 4.0085∗ 4.0088∗ 5.6569 4.0007∗
13 4 5.6569 5.6569 5.6569 8 5.6569 4.0000 5.6569 4.0000 5.6569 4.0000 5.6569 4.0000
14 4 5.6569 5.6569 5.6569 8 4.0000 4.0000 5.6569 4.0000 4.0000 4.0000 5.6569 4.0000
15 4 6.0000 6.0000 6.0000 8 5.6569 4.4517 5.6569 4.2243 5.6569 4.0095∗ 5.6569 4.0000
16 4 6.1289 6.1289 6.1289 8 5.6569 5.6569 5.6569 4.0000 5.6568 5.6569 5.6569 4.0000
17 4 5.6569 5.6569 5.6569 8 4.0000 5.6569 5.6569 4.0000 4.0000 5.6569 5.6569 4.0000
18 4 5.7538 5.7538 5.7538 8 5.6569 4.3130 4.3130 4.2247 5.6569 4.0000 4.0000 4.0000
19 4 5.7829 5.7829 5.7829 8 5.6569 5.6569 4.3063 4.1865 5.6569 5.6569 4.0000 4.0000
20 4 6.4853 6.4853 6.4853 10 6.4853 4.5000 4.6903 4.1328 6.4853 4.5000 4.6847 4.0000
21 4 5.9555 5.9555 5.9555 60/7 5.6569 5.6569 5.6569 4.1749 5.6569 5.6569 5.6569 4.0000
22 4 6.1980 6.1980 6.1980 8 5.6569 5.6569 5.6569 4.2748 5.6569 5.6569 5.6569 4.0000
23 4 4.6847 4.7754 5.2939 8 4.5000 4.5000 4.6847 4.1135 4.5000 4.5000 4.6847 4.0000
24 5 7.9401 7.9401 7.9401 31/3 6.6569 6.6569 6.6569 5.2372 6.6569 6.6569 6.6569 5.0000
25 5 6.8243 6.8243 6.8415 31/3 6.6569 6.6569 6.4272 5.1652 6.6569 6.6569 6.4272 5.0000
26 5 7.9282 7.9282 7.9282 31/3 6.4272 6.4272 6.4272 5.1819 6.4272 6.4272 6.4272 5.0000
27 5 6.9547 6.9547 6.9588 31/3 6.4272 6.6569 6.6569 5.1808 6.4272 6.6569 6.6569 5.0000
28 6 9.9098 9.9098 9.9098 14 9.3137 7.4272 7.4272 6.2123 9.3137 7.4272 7.4272 6.0000
29 6 9.3137 9.3137 9.3137 14 9.3137 7.4272 7.4272 6.1624 9.3137 7.4272 7.4272 6.0000
30 6 9.3137 9.3137 9.3137 14 9.3137 7.4272 7.4272 6.1723 9.3137 7.4272 7.4272 6.0000
31 6 7.8043 7.8043 7.9226 12 7.6569 7.4272 7.4272 6.1866 7.6569 7.4272 7.4272 6.0000
32 6 8.1516 8.1516 8.1754 12 7.6569 7.6569 7.4272 6.2086 7.6569 7.6569 7.4272 6.0000
33 6 9.7899 9.7899 9.7899 12 7.6569 7.6569 7.6569 6.3217 7.6569 7.6569 7.6569 6.0000
34 6 8.2515 8.2515 8.2723 12 7.6569 7.4272 7.4272 6.2444 7.6569 7.4272 7.4272 6.0000
35 6 7.8553 7.8553 8.0776 12 7.4272 7.4272 7.4272 6.1794 7.4272 7.4272 7.4272 6.0000
36 6 9.4614 9.4614 9.4614 14 9.3137 7.4272 7.4272 6.1904 9.3137 7.4272 7.4272 6.0000
37 6 9.3137 9.3137 9.3137 14 9.3137 7.4272 7.4272 6.1817 9.3137 7.4272 7.4272 6.0000
38 6 9.3137 9.3137 9.3137 14 9.3137 7.4272 7.4272 6.1627 9.3137 7.4272 7.4272 6.0000
39 6 9.3253 9.3253 9.3253 12 7.6569 7.6569 7.6569 6.4378 7.6569 7.6569 7.6569 6.0000
40 6 8.1298 8.1298 8.1458 12 7.4272 7.6569 7.4272 6.2677 7.4272 7.6569 7.4272 6.0000
41 7 10.3677 10.3735 10.3769 15 10.3137 10.3137 8.4272 7.2012 10.3137 10.3137 8.4272 7.0000
42 8 13.0470 13.0470 13.0470 16 10.9852 10.9852 11.3137 8.2933 10.9852 10.9852 11.3137 8.0000
43 8 11.3137 11.3137 11.3137 16 10.9852 9.4272 11.3137 8.2481 10.9852 9.4272 11.3137 8.0000
44 8 12.9706 12.9706 12.9706 20 12.9706 9.3693 9.3693 8.2812 12.9706 9.3693 9.3693 8.0000
45 8 12.9706 12.9706 12.9706 20 12.9706 9.3693 9.3693 8.2675 12.9706 9.3693 9.3693 8.0000
46 10 12.9852 12.9852 13.2668 62/3 12.8543 12.8543 12.9852 10.4006 12.8543 12.8543 12.9852 10.0000
TABLE I. Maximal value (violation) of the Bell polynomials (inequalities) presented in Ref. [34] for various sets of correlations.
From the second column to the sixth column, we have, respectively, the maximal value attainable by correlations from the
local set L, the quantum set Q, the almost quantum set Q˜, the 2nd level of the NPA relaxations Q2 and the no-signalling set
NS. The next four columns show the maximal value attainable by subsets of almost quantum correlations that arise from a
moment matrix having positive partial transposition [46] (PPT) with respect to certain bipartition (for example, Q˜TA1 means
that the corresponding moment matrix χ1 is further subjected to the PPT constraint χ
TA
1  0, while Q˜Tall1 means that the
PPT condition is imposed for all bipartitions concurrently). The last four columns show the maximal value attainable by
correlations described by a higher-level refinement of Q˜ (specifically, local level six as described in Ref. [28]) when subjected to
further PPT constraints as described above (see text in Sec. IV for more details). We see that two out of the 46 inequalities
(no 23 and 41) display a gap between the maximal violation from Q and Q˜, hence witnessing the post-quantumness of the
latter set. Note that from the relations among the violations we can recognise that Mermin inequality [35] belongs to family no
2, the party-lifting [47] of the CHSH inequality —whose maximal quantum violation inherits directly from that of the CHSH
inequality— belongs to family no 4 , and the GYNI [36] belongs to no 10. Entries marked with ∗ represent bounds which are
not known to be saturated by any three-qubit states featuring the same kind of positive partial transposition.
6IV. REFINEMENTS TO THE ALMOST
QUANTUM SET
For any correlation that arises from local measure-
ments on a quantum state ρ, it was noted [28] that when
the expectation values {〈O†iOj〉ρ} are organized as entries
of an NPA moment matrix, i.e.,
Γk =
∑
i,j
|i〉〈O†iOj〉ρ〈j| (3)
the corresponding Γk (for any k) can be seen as the re-
sult of a global, completely positive map Λ acting on ρ,
that is, Γk = Λ(ρ). Moreover, for k = nℓ with n being
the number of parties and ℓ being a positive integer, a
particular submatrix of Γk, which we denote by χℓ (see
Appendix A2), can even be seen as the result of a sepa-
rable, completely positive map acting on the underlying
state ρ, i.e., χℓ = Λ1 ⊗ Λ2 ⊗ · · ·Λn(ρ). See Ref. [28] for
details.
For reasons that will become obvious below, let us de-
note by Q˜ℓ the set of ~p compatible with the constraint
of χℓ  0, the positivity of the NPA moment submatrix
as mentioned above (see Appendix A 2 for details). As
with the original NPA hierarchy of moment matrices, the
series of structured moment matrices χ1, χ2, . . . , χℓ also
give rise to a hierarchy of superset Q˜1, Q˜2, . . . , Q˜ℓ char-
acterization of Q which asymptotically converges [28] to
Q as ℓ → ∞. Similarly, let us denote by Q˜Tiℓ the set
of correlations compatible with both the constraints of
χℓ  0 and χTiℓ  0, where (.)Ti denotes partial trans-
position [46] with respect to party i. As was shown
in Ref. [28], as ℓ → ∞, the series of Q˜Tiℓ converge toQTi ⊂ Q, i.e., the set of quantum correlations arising
from a density matrix ρ that has the property of ρTi  0.
Incidentally, Q˜1 as explained above is exactly [37] the
equivalent formulation of the almost quantum set that
we have alluded to in Sec. III (see also Ref. [26]), i.e.,
Q˜ = Q˜1. All the higher level relaxations of Q discussed
in Ref. [28] can thus be seen as some kind of refine-
ments to the almost quantum set. Let us denote this
by P = {A,B,C}. Then, one can similarly see Q˜Ti1 for
different bipartitions of P into disjoint subsets A and
P \A as different refinements of the almost quantum set
which allows only a “PPT” resource between the group
of parties in A and those in P \ A. In the rest of this
paper, we thus posit that Q˜Ti1 is the subset of Q˜ where
only a separable resource with respect to the bipartition
of party i vs P \ {i} is available.
In Table I, we have included in the seventh to the ninth
columns the maximal value of all the inequalities given
in Ref. [34] when only such weaker resources from the
almost quantum set, i.e., ~p ∈ Q˜Ti1 are allowed. To fa-
cilitate comparison, we have included in columns 11–13
of Table I, respectively, the maximal value of each in-
equality attainable by ~p ∈ Q˜Ti6 for i ∈ {A,B,C}.8 Evi-
dently, these values illustrate how these higher-level re-
finements of the almost quantum set differ from Q˜ when
only these weaker forms of “biseparable” resources are
allowed. It is worth noting that apart from a few ex-
ceptional cases (which we marked with an asterisk ∗ in
the table), all these bounds are saturated (within the
numerical precision of the solver) by some biseparable
three-qubit states9.
Interestingly, among those nontrivial inequalities, the
maximal value attainable by the almost quantum set Q˜
(column four, Table I) for 19 of these inequalities10 can
already be attained (within the numerical precision of
the solver) by ~p ∈ Q˜Ti1 for some i ∈ P (columns seven to
nine, Table I). Moreover, the same applies to the maximal
quantum value (column three, Table I) of these inequali-
ties and what can be achieved assuming only quantum re-
sources that are biseparable (columns eleven to thirteen,
Table I) with respect to the same bipartition. Intrigu-
ingly, for inequality 23, the maximal almost-quantum
value when assuming such weaker resource across the bi-
partition of A|BC is even closer to the maximal quantum
value than to the maximal almost-quantum value.
Apart from fundamental interests, the fact that the
bounds presented in the last four columns can be
(mostly) saturated by biseparable quantum states also
has pragmatic implications. In particular, for all those
Bell inequalities where there is a gap between its maxi-
mal quantum violation (column three) and the maximum
value of Q˜Ti6 (columns eleven to thirteen), we can possi-
bly use the extent to which the inequality is violated to
conclude directly from the measurement statistics (i.e.,
in a device-independent [7] manner) the presence of a
genuine tripartite entangled state. For example, with
the appropriate bound in place, the quantum violation
of inequality 7 [49] can be used as a device-independent
witness for genuine tripartite entanglement [50]:
1∑
x,y,z=0
E(xyz)− 4E(111) 2-prod.≤ 4√2 , (4)
where the superscript “2-prod.” here means that the
bound holds for any 2-producible [51] quantum states (or
equivalently, tripartite but biseparable quantum states).
Note also that in some cases, such as for inequality 20,
quantum violation of the distinct biseparable bounds (for
the different bipartitions) can even be used to certify the
presence of entanglement across particular bipartition(s).
8 Note that at this level of the hierarchy, one already needs to deal
with a moment matrix of size 2197 × 2197, which involves 8192
distinct moments.
9 The recent work of Ref. [48] independently came to this conclu-
sion that the maximal quantum violation of many of these Bell
inequalities can already be attained using a biseparable three-
qubit state.
10 These concern inequalities 3, 4, 6, 9-14, 17, 20, 29, 30, 37, 38,
43-46.
7Finally, let us focus on the tenth column and the four-
teenth column of Table I which list, respectively, the max-
imal value of Q˜1 and Q˜6 when we assume the weakest
form of “biseparable” resource, namely, one that has a
moment matrix that is concurrently PPT across all three
bipartitions. Clearly, in the case of Q˜6, we see that apart
from inequality 5 and inequality 12, no quantum violation
is possible when only these weakest forms of resources are
available.11 In stark contrast, the almost quantum cor-
relation can still violate 32 out of the 45 nontrivial Bell
inequalities even if only such weakest form of resources
are available. In the quantum setting, the violation of
a Bell inequality due to such resources has been used to
construct a counterexample [52] to the tripartite Peres
conjecture [53]. If one can give an analogous interpreta-
tion of such a violation in the almost-quantum setting,
then it would suggest that an undistillable but nonlocal
almost-quantum resource in the tripartite setting is con-
siderably more common than it is in the quantum setting.
V. CONCLUSIONS
In this work we explored properties of the set of al-
most quantum correlations and their refinements in the
simplest tripartite Bell scenario, namely one with two
dichotomic measurements per party. First we computed
the maximum violations of all the facet Bell inequali-
ties that define the set of classical correlations in this
scenario, respectively, by the set of almost quantum cor-
relations and by the set of quantum correlations them-
selves. We found that the difference between these two
sets may indeed be witnessed by their violation of these
Bell inequalities. This is in strong contrast with its bipar-
tite counterpart, where all values of the CHSH Bell in-
equality achievable by almost quantum correlations have
a corresponding quantum realisation. Our findings high-
light how complex and rich multipartite Bell scenarios
are, even in their simplest form.
Then, we asked how the set of almost quantum corre-
lations compares to other sets that include postquantum
correlations. In particular, we focused on the NPA hi-
erarchy for this tripartite scenario, where it is already
known that Q1 ⊇ Q˜ ⊇ Q3. In this work we proved that
there is no such inclusion relation between the second
level of NPA (Q2) and the almost quantum correlations,
that is, we showed that neither Q˜ ⊆ Q2 nor Q˜ ⊇ Q2.
More generally, this implies that in an n-partite scenario
where n > 2, neither Q˜ ⊆ Qn−1 nor Q˜ ⊇ Qn−1.
Finally, we investigated refinements of the almost
quantum sets as characterised by the hierarchies of
semidefinite programs proposed in Ref. [28]. In partic-
ular, by positing that a “biseparable” almost-quantum
resource is captured through the additional requirement
of positive partial transposition [46] on the corresponding
moment matrices, we could pinpoint some subtle similar-
ities and differences between the quantum set and the al-
most quantum set of correlations. For example, a signif-
icant fraction of these facet Bell inequalities can already
be violated maximally for both sets of correlations using
a biseparable resource. However, if we demand that the
resource is simultaneously biseparable with respect to all
bipartitions, then quantum correlations apparently can
no longer violate most (but 2) of these inequalities, while
the almost quantum correlations can still often provide
an advantage over classical resources. Of course, in the
light of the frameworks discussed in Refs. [49, 50, 54], the
bounds that we have computed are also useful as device-
independent [7] witnesses for nontrivial properties of the
underlying quantum systems.
Our results also open the door to several open ques-
tions. For example, it would be interesting to find an
interpretation as a game or a physical principle of those
tight Bell inequalities that witness almost quantum cor-
relations beyond quantum theory. We believe this will
shed light on the problem of characterising quantum cor-
relations from basic principles. Finally, it would be inter-
esting to explore protocols to check violations of IC via
these postquantum almost quantum correlations.
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Appendix A: Almost quantum and the NPA
hierarchy as semidefinite programs
In this Appendix we present the definition of the NPA
hierarchy as outer approximations to the quantum set of
correlations, as well as the SDP formulation of the almost
quantum set. For the sake of clarity we focus on the Bell
scenario explored in this work, i.e., the tripartite scenario
involving two dichotomic measurements per party. For a
general and the precise formulation of NPA as well as the
almost quantum set, we refer the reader to Ref. [27] and
Ref. [26] respectively.
1. The NPA hierarchy
Let us start with the hierarchy of the superset approx-
imations to Q due to NPA. Each level of the NPA set Qk
is associated with a moment matrix Γk with rows and
columns labelled by specific sets of ‘words’ (operators).
For the k-th level, each label involves the product of at
most k projectors (which may all belong to the same
party). For instance, in the tripartite scenario studied
9here the labels for Q1 are12
S1 = 1 ∪ {Π0|x,Π0|y,Π0|z}x,y,z,
and the labels for Q2 are
S2 =S1 ∪ {Π0|xΠ0|y,Π0|yΠ0|z,Π0|xΠ0|z}x,y,z,
∪{Π0|xΠ0|x′ ,Π0|yΠ0|y′ ,Π0|zΠ0|z′}x,y,z,x′,y′,z′ ,
where x 6= x′, y 6= y′, z 6= z′.
For any given state ρ and operators Oi, Oj ∈ Sk, the
expectation value 〈O†iOj〉 = tr(ρO†iOj) is well-defined.
In particular, if {|i〉} is a set of orthonormal basis vectors,
then
Γk =
∑
i,j
|i〉〈O†iOj〉〈j| (A1)
is a matrix of expectation values, dubbed an NPA
moment matrix of level k. A generic moment ma-
trix satisfies a number of properties. Firstly, for any
vector |v〉, it follows from Eq. (A1) that 〈v|Γk|v〉 =∑
i,j〈v|i〉〈j|v〉〈O†iOj〉 = tr
{
(
∑
i viOi)
†(
∑
j vjOj)
}
≥ 0.
Thus, a legitimate quantum moment matrix must be pos-
itive semidefinite, or in other words, having only non-
negative eigenvalues:
Γk  0. (A2)
In evaluating the entries of a moment matrix, one
assumes, as with quantum theory, that operators be-
longing to different parties commute, i.e., [Πa|x,Πb|y] =
[Πa|x,Πc|z] = [Πb|y,Πc|z] = 0. Thus, certain entries of
Γk arising from different combinations of Oi, Oj , O
′
i,
and O′j may be identical. As an example, consider
k = 2 and Oi = Πa|xΠb|y, Oj = Πa|xΠc|z, we thus
see that O†iOj = (Πa|xΠb|y)
†Πa|xΠc|z = Π
2
a|xΠb|yΠc|z =
Πa|xΠb|yΠc|z = O
′†
i O
′
j if O
′
i = Πa|x, O
′
j = Πb|yΠc|z and
the second last equality follows from the projective na-
ture of Πa|x. Denoting by Γk(i, j) the (i, j)-th entry of
Γk, then we shall collectively refer to such equality con-
straints as:
Γk(i, j) = Γk(i
′, j′) ∀ O†iOj = O′†i O′j . (A3)
Lastly, note that if Oi and Oj are such that O
†
iOj
involves at most one projector per party, then the cor-
responding expectation value corresponds to joint distri-
bution that can be estimated from an experiment. In
particular, if the projector of a party does not appear in
the product O†iOj , then the resulting expectation value
is simply a marginal distribution that does not involve
12 In general, it was shown in Ref. [27] that it is sufficient to consider
the projectors corresponding to all but the last outcome. In
the following discussion, we shall thus consider only projectors
associated with the 0-th outcome of each party.
the corresponding party. Explicitly, this means that the
entries of the moment matrix satisfy:
〈1 †1 〉 = 1 ,
〈1 †Πa|x〉 = pA(a|x) ,
〈Π†
a|xΠb|y〉 = pAB(ab|xy) ,
〈Π†
a|xΠb|yΠc|z〉 = p(abc|xyz) ,
(A4)
and similar relations for the other parties’ marginals,
where pA and pAB are the one and two party marginals
of p(abc|xyz). Notice that for k ≥ 2, one can always find
Oi, Oj ∈ Sk such that the above conditional distributions
are recovered as entries of Γk.
Conversely, whenever a matrix of the form of Eq. (3)
satisfies the constraints given in Eq. (A2) and Eq. (A3),
it is a legitimate moment matrix of level k. The set of
all ~p = {p(abc|xyz)} compatible with these constraints
therefore define the k-th level of the (postquantum) NPA
set, Qk. Determining if a given ~p belongs to Qk therefore
amounts to finding a positive semidefinite matrix (the
moment matrix Γk) that satisfies the linear equality con-
straints of Eq. (A3) and Eq. (A4), which is therefore an
SDP. Likewise, finding the maximal value of a (linear)
Bell inequality for correlations ~p ∈ Qk for any integer
k ≥ 2 amounts to maximizing a certain linear combina-
tion of entries in a positive semidefinite matrix that is
subjected to the linear equality constraints of Eq. (A3)
and Eq. (A4), which is also an SDP.
2. The almost quantum set and its refinements
We now switch to the almost quantum set Q˜ and its
refinements. Instead of the definition given in Sec. II
via permutations, the almost quantum set can be equiv-
alently formulated [26, 37] as correlations ~p in an inter-
mediate NPA set. In particular, for the tripartite Bell
scenario that we consider in this paper, the almost quan-
tum set of correlations Q˜ is precisely the set of ~p compati-
ble with a moment matrix labelled by ‘words’ (operators)
defined in the following set
Saq =1 ∪ {Π0|x,Π0|y,Π0|z}x,y,z
∪ {Π0|xΠ0|y,Π0|yΠ0|z,Π0|xΠ0|z}x,y,z,
∪ {Π0|xΠ0|yΠ0|z}x,y,z.
(A5)
The resulting moment matrix, which we denote by χ1
thus has exactly the same form as the right-hand-side
of Eq. (A1), and is therefore a submatrix of Γ3 of size
27× 27.
As with an ordinary NPA set Qk, all ~p such that the
corresponding χ1 is compatible with the analogous con-
straints of Eq. (A2), Eq. (A3) and Eq. (A4) is a convex set
and, thanks to the equivalent formulation [26, 37], gives
rise to precisely the almost quantum set Q˜. Thus, as with
the membership test of Qk, determining if a given ~p is a
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member of Q˜ amounts to finding a positive semidefinite
(moment) matrix that satisfies all the aforementioned lin-
ear equality constraints, and therefore an SDP.
To consider refinements of the almost quantum set de-
fined in Ref. [28], let us note that the list of operators
given in Eq. (A5) can be alternatively written as:
Saq ={1 ,Π0|x}x × {1 ,Π0|y}y × {1 ,Π0|z}z (A6)
where × here represents the Cartesian product. We can
thus see that the ‘words’ defining the almost quantum
set are those formed by the Cartesian product of local
operators that are up to order 1. The next level refine-
ment of this set then involves the Cartesian product of
local operators that are up to order 2, as specified by the
following set of words:
Saq,2 ={1 ,Π0|x,Π0|xΠ0|x′}x,x′
× {1 ,Π0|y,Π0|yΠ0|y′}y,y′
× {1 ,Π0|z,Π0|zΠ0|z′}z,z′ .
(A7)
Even higher level refinements of the almost quantum set
can be defined analogously. In general, the (local) level ℓ
set of words are defined by the Cartesian product of local
operators that are up to order ℓ. We shall write the cor-
responding moment matrix as χℓ and the corresponding
set of correlations ~p that are compatible with the anal-
ogous constraint of Eq. (A3), Eq. (A4) and χℓ  0 as
Q˜ℓ. Thus, the membership test of any given ~p in relation
to Q˜ℓ is an SDP, so is the computation of the maximal
value of a (linear) Bell inequality for ~p ∈ Q˜ℓ. In fact, it
is straightforward to see that the same applies to those
computations pertaining to the refined subsets Q˜Tiℓ of Q˜ℓ.
